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ABSTRACT: We apply Brown-Henneaux’s method to the 5D extremal rotating Kaluza-Klein
black holes essentially following the calculation of the Kerr/CFT correspondence, which
is not based on supersymmetry nor string theory. We find that there are two completely
different Virasoro algebras that can be obtained as the asymptotic symmetry algebras
according to appropriate boundary conditions. The microscopic entropies are calculated
by using the Cardy formula for both boundary conditions and they perfectly agree with
the Bekenstein-Hawking entropy. The rotating Kaluza-Klein black holes contain a 4D
dyonic Reissner-Nordstrom black hole and Myers-Perry black hole. Since the D-brane
configurations corresponding to these black holes are known, we expect that our analysis
will shed some light on deeper understanding of chiral C'F'T5’s dual to extremal black holes.
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1 Introduction

More than ten years have passed since the Bekenstein-Hawking entropy was calculated
microscopically by using string theory [1]. The essential strategy for microscopic entropy
counting is to construct a black hole geometry by D-branes and then to map the prob-
lem of the black hole to a dual boundary field theory on the D-branes. Then by using
the BPS properties, we can count the microscopic entropy of the black hole in the weak
coupling field theory.

After this accomplishment, this strategy is applied to various kinds of black holes and
even other black objects like black rings. In addition to this, the AdS/CFT correspondence,
a kind of duality between gravity and field theory, inherits this feature and refines or makes
this strategy more stringent in certain setups [2—4].

In the context of AdS/CFT, black hole microstates are investigated mainly by using
AdS3/CFT; correspondence since AdSs appears as a near-horizon geometry of 5D extremal
black holes and C'F'T5 is well analyzed. When we consider 4D extremal black holes, on the
other hand, AdSy naturally appears as a near-horizon geometry. However, AdSy/CFTj is
still mysterious because we do not know CF'T} well. For some context, C'FT} is regarded
as conformal quantum mechanics (CQM) [5-11], while it is as 2D chiral conformal field
theory [12—-15]. In this paper we investigate the latter.



Going back to the history of the relation between conformal field theory and gravity,
in 1986, Brown and Henneaux succeeded in identifying generators of Virasoro algebras
living on the boundary of AdS3 spacetimes with the diffeomorphisms preserving a certain
boundary condition [16]. They found that the central charge of the Virasoro algebra is
related to the AdSj3 radius. This method is applied to microscopically derive the entropy
of the BTZ black hole [17]. Subsequently, related methods were developed [18-21], and in
this direction many works were done (for example, [22-25]).

Recently, the entropy of the 4D extremal Kerr black hole was microscopically calcu-
lated by applying Brown-Henneaux’s method to the near-horizon geometry of it [26]. This
is interesting partly because their calculation was not based on supersymmetry nor string
theory. However, the Brown-Henneaux’s method does not tell us what is the boundary
theory, thus it is desired to find the boundary theory explicitly. Microscopic counting of
neutral black holes like Kerr black hole, is very difficult in that we do not know how to re-
alize this neutrally charged geometry by D-branes. In [27], the entropy of the 4D extremal
Kerr black hole was microscopically calculated by relating it to a rotating Kaluza-Klein
(KK) black hole solution formulated in [28-31]. This solution itself is meaningful in that
it includes various classes of black holes like the 4D dyonic Reissner-Nordstrom black hole.
Since the rotating KK black holes are constructed as a DO0-D6 bound state [32], their en-
tropies are calculable microscopically from the corresponding brane configurations [33, 34].

In this paper, we would like to apply Brown-Henneaux’s method to the 5D extremal
rotating KK black holes and calculate its entropy microscopically. We essentially follow
the calculation of [26]. First we take near-horizon limit for the extremal rotating KK
black holes. For this near-horizon geometry, it is shown that two completely different
Virasoro algebras can be obtained as the asymptotic symmetry algebras, according to
appropriate boundary conditions. These algebras will act on the Hilbert states of the
holographic duals of the extremal rotating KK black hole. Although these dual boundary
theories are not specified explicitly, the microscopic entropies are calculated using the
Cardy formula for both boundary conditions and they perfectly agree with the Bekenstein-
Hawking entropy. Therefore we expect that the two boundary conditions correspond to
two different consistent holographic duals. Since the D-brane configurations corresponding
to these black holes are known, we expect that our analysis will shed some light on deeper
understanding of chiral C'F'T5’s dual to extremal black holes.

The organization of this paper is as follows. In section § 2, we review the work [26].
In section § 3, we review the rotating KK black holes. In section § 4 we take the near-
horizon limit of the extremal rotating KK black holes. In section § 5, we impose boundary
conditions in the asymptotic region and determine the diffeomorphisms which preserve the
boundary conditions. We construct Virasoro generators in two ways since the rotating KK
black holes contain two U(1) fibers. Then we find the central charges of these Virasoro
algebras living on the boundary. In section § 6, we relate the physical parameters of the
rotating KK black hole to the effective temperatures of the dual chiral C'F'T5’s and then, in
section § 7, we apply the Cardy formula to calculate the entropy microscopically. Finally,
in § 8, we summarize our conclusion and give some discussion.



2 A brief review of Kerr/CFT correspondence

In [26], it is proposed that the 4D extremal Kerr black hole is dual to a chiral CFT5. In
the extremal limit [35], the near-horizon geometry is of the form

dr?
2 _ 2( 2 2 2 2 2
ds? = 2G4JQ ( (L r)dr? + Ty +d0° + A(d + rdr) ) (2.1)
1+ cos?6 2sin 6
R A NPl 2.2
2 ’ 1+ cos?0’ (2:2)

where J is the angular momentum and Gy is the 4D Newtonian constant. This angular
momentum is related to the ADM mass M of the black hole as J = G4M? in the extremal
limit. For a fixed 6, this geometry is the same as a quotient of a warped AdSs, which is
analyzed in the context of topological massive gravity in 3D [36].

A generator of the Virasoro algebra of the chiral CFT, is identified with a class of
diffeomorphism which preserves an appropriate boundary condition on the near-horizon
geometry. Then it is found that a nontrivial part of the diffeomorphism, or the asymptotic
symmetry group (ASG), contains diffeomorphisms of the form

Cn = — D, —inre” P9, (n=0,+1,%2,...). (2.3)

We notice that ¢, contains d,, not 0.
The diffeomorphisms (,, generate a Virasoro algebra without a central charge

Z[Cma Cn] = (m - n)Cm—I—n- (2'4)

By following the covariant formalism of the ASG [37-46], a conserved charge Q) associated
with an element ( is defined by

1 _
Q= g | Kehal (25)

where 0X. is a spatial surface at infinity and
- 1 ag ag
kC[h7g] = 5 CVDuh - CVD hua + C Duhua
1 1
+ §hD,,Cu —hye D¢, + §hw(DHC" + D(’Cﬂ)] xq(dzt A dx”). (2.6)

Here d is the spacetime dimension (d = 4 in the current case), x4 represents the Hodge
dual, g, is the metric of the background geometry (2.1) and hy,, is deviation from it. We
also notice that the covariant derivative in (2.6) is defined by using g,,. In addition to
a charge @), associated with (,, there exists a charge Qy, associated with d,. Since it
measures deviation from the extremality, it is fixed to zero in this case.

Then let us consider the Dirac bracket of ¢, under the constraint Q5. = 0. It is deter-
mined by considering transformation property of the charge ¢, under a diffeomorphism
generated by (,,. It then follows that

1
irac = k J,3|. 2.



By redefining the charge as hL, = Q¢, + 3.J0,,0/2 and replacing the Dirac bracket {.,.} by
a commutator —%[., ., we see that L, satisfies a Virasoro algebra

c
[Lin, Lp) = (m —n) Ly + —m(m2

5 — 1)0m+4n,0s (2.8)

with the central charge ¢ = 12.J/h.

The temperature of the dual chiral C'F'T5 is, on the other hand, determined by identi-
fying quantum numbers in the near horizon geometry with those in the original geometry.
This method gives the temperature

T=o-. (2.9)

From this, entropy of the 4D Kerr black hole is microscopically calculated via the Cardy
formula as
2 2rJ

micro = —CI' = ——, 2.1
S, 3¢ - (2.10)

which agrees with the Bekenstein-Hawking entropy calculated macroscopically.

We note that this dual theory is not like CF'T in the usual AdS/CFT correspondence,
because ¢ is space-like coordinate and the Virasoro algebra does not contain the time
translation generator. Moreover, the isometry of the near horizon geometry does not
contain SL(2, R) of the Virasoro algebra. We will see that the Virasoro algebras of the
holographic duals of the rotating KK black holes also have this properties.

3 The rotating Kaluza-Klein black holes

In this section we review the rotating Kaluza-Klein black holes [28-31]. This is the 5D-
uplifted solution of rotating black holes with both electric and magnetic charges in the
4D Einstein-Maxwell-dilaton theory. This solution includes the dyonic (P = @) Reissner-
Nordstrom black hole in the 4D Einstein-Maxwell theory and the 5D Myers-Perry black
hole, as special cases.! In terms of string theory, it can be interpreted as a rotating D0-D6
bound state.

We consider the 4D Einstein-Maxwell-dilaton action

1 v [ v
S = 67 /d4x\/—g [R—Qg“ 0,90,® — 1€ 2‘/gcbg" g BFWFag . (3.1)

This theory is obtained by a usual Kaluza-Klein reduction of the 5D pure Einstein gravity
theory, which is easier to deal with in many cases. In this paper, we will always work on
the 5D theory.?

'Precisely speaking, it corresponds to the Myers-Perry black hole on an orbifolded space R"*/Zy,, with
Ng an even integer. Details of the transformations are given in [34].

2The central charges and the entropy we will obtain do not depend on the Kaluza-Klein radius R.
Therefore they would also be valid for very small R compared to the black hole radius, where the masses
of the higher Kaluza-Klein modes become very large and the description by (3.1) is expected to be exact.
However, for ¢} (5.5), which relate massive KK modes, this limit R — 0 is a little subtle.



In terms of the 5D pure Einstein gravity, the rotating KK solution is written as

H Hs, . di? A
o _ M2 A 2 113 2 ar” 2, 2 2 2
ds(5)— Hl(Rdy—i—A) HQ(dt+B) —|—H1< A + db +H3 sin® 6 d¢ ), (3.2)
in which
. 1T p
Hy =7+ 1?52 cos?0 +7(p — 2u) + ———(p — 2 -2
1 g (p—2p) 2p+q(p 1)(q — 2p)
1 p
4+ 2 —4u2)(q% — 4pu?) jcos b, 3.3
2erq\/(zo 12) (g2 — 4p2) j (3.3)
1 q
Hy =%+ p?§% cos® 0 + (g — 2u) + =——(p — 2 -2
2 1 (g —2u) 2p+q(p 1)(q — 2p)
1 ¢ 3 .
- —412)(q? — 4u?) jcos 0, 3.4
5777 (p? — 4p?)(q®> — 4p?) j (3.4)
Hsy =72 4+ 252 cos® 6 — 2u, (3.5)
A =% 4+ 125 — 27, (3.6)
2 _Yy2 -2 1 3(p2 — 412 .
Ao M(HU)_ CW =) - oo | oy
p+q 2 2 p+q
2 42
+ |- M(H2+ﬂ2j281n29)0089
p+yq
1 p(g® —4p2) [ U 0 T Y
L ZE) ) e i — 9 DE ) isin?0| Bl .
+5 o pr— p(p — 2p) + prongs Jsin o do,  (3.7)

1 (pg+4p2)r —plp —2p) (g —2u) 1. . o
B=- H. “jsin“6do,
5 VP4 P 3J ¢
where § ~ § + 27 and R is the radius of the Kaluza-Klein circle at # — oc0.? After the
Kaluza-Klein reduction along ¢ direction, we obtain a 4D black hole of the form

(3.8)

Hy . dr? A
ds?, = — dt + B)? H\Hy| —— + d#* + — sin? 0 d¢? .
Sty = i+ BY 4 VIR s spsnt0ast ), (39)
H
2P 2 1
_ 1
e R o, (3.10)
1
Ay = A (3.11)

R
The rotating KK solution has four parameters (u,7,q,p), which correspond to four
physical parameters of the reduced 4D black hole, that is, the ADM mass M, angular
momentum J, electric charge ¢ and magnetic charge P. The explicit relations between
these parameters are [31]:

P+q

M = e (3.12)
_ VPalpg + 4% (3.13)
4G4(p +q) S '

$We follow this form of the solution from [31] and checked that this indeed satisfies 5D Ricci flat condition.
Note that there are some typos in [31].



1 [q(q® — 4p?)

= =7 3.14

Q=" (3.14)
1 2_42

po L [t =) (3.15)
2 p+q

Here we set J,Q, P > 0 for simplicity. The possible range of the parameters for regular
solutions are

0<2u<gqp 0<j<1, (3.16)

and the black hole is extremal when we take 4 — 0 with j fixed finite.* The outer/inner
horizons are given by

re = p(l+£+/1-52), (3.17)

which lead to the Bekenstein-Hawking entropy

m/Pq ( pq + 4 . )
Sy = V1—-752+2u|. 3.18
BH 2G4h< p+g J 1% ( )

The Hawking temperature is

1 7w/pq (pg+ 4u? 24
By = — — < i . 3.19
Tu ph p+yq V1 — 52 (3.19)

On the event horizon, the rotational velocity (24, the electric potential ®; and the magnetic

potential ®j; in the 4D theory are

p+q 215
Q4 = _ (3.20)
VP4 2p(p + q) + (pq + 4p?) /1 — 52
™y [p(g® — p?) < 24 >
dp = + , 3.21
P 2uGan ptg \I V1 — 52 (3.21)

T 22 2
oy = i [ u)<qJr 1 > (3.22)

2uGsh p+q V1—j2
respectively. These physical quantities satisfy the first law of black hole thermodynamics:
dM = TydS + ®pdQ + P pdP — QudJ. (3.23)

We also notice that, in terms of the 5D geometry, the potential (2, corresponding to the
Kaluza-Klein momentum is

at the horizon.

“We can take another extremal limit j — 1 with p fixed finite, which corresponds to the so-called
“fast rotation” case. We will not consider this in this paper because the near horizon limit would be
difficult to analyze.



Since we will focus on the extremal case in this paper, we show the explicit form
of (3.3)-(3.8), (3.12)—(3.15) and (3.18) in that case here:

2

" ., 1 piq .
H =i +pi+= 1+ jcosf), 3.25
1 D 2p+q( J ) ( )
X 1 pg? :
H2:r2—|-qr—|—§ppj_q(1—]cosﬂ), (3.26)
Hy = A =72, (3.27)
3/2
q ., P . —1 37
A=— r4+ =(1— COSQ:|H dt
m[ —Jes i
3/2 1 2 2
p pq N p=q —1:.:2
+ | ————=-cosf+ = 7+ H, " jsin” 0 |do, 3.28
[ NER 2 p+q<p p+q> 2/ ] ’ (329
1 3/2 29
po L jsine (3.29)
2 p+q 7
p+q
M = .
o (3.30)
(pg)*?
J=——___j 3.31
1Gip+q)’ (331)
1 a3
Q== , 3.32
e (3.32)
1/ p?
p_1 , 3.33
e (3.33)
T (pq)3/2 : 21t pQQQ
S 1— 22" _ 2, 3.34
BH = 9Gh p+q AV re? (3:34)

Before closing this section, we rewrite the entropy calculated above in terms of the
integer charges. As discussed in [34], the electric and the magnetic charges are quantized
and written as

2GahNo  , _ RNy

Q= T 1 (3.35)

where Ng and Ny are integer numbers which corresponds to the number of D6-branes
and DO-branes, respectively, if we embed the 5D KK black hole in ITA string theory with
R = gsls. In addition to this, J is also quantized as a result of the usual quantization of
the angular momentum, so

BNy

J 5

(3.36)

where N is an integer. By using these quantized quantities, the entropy (3.34) in the
extremal case is also written as a quantized form:

Spn = 7/ NZNZ — N2. (3.37)



4 Near-horizon geometry of extremal rotating Kaluza-Klein black holes

Here we derive the near horizon geometry of the extremal (1 = 0) rotating KK black
holes. Tt is already investigated in [47, 48], and related discussions about symmetries of
near-horizon geometries are given in [49].

We first introduce near horizon coordinates as

- 7 . 1 /p+aq.
t=M, r=—, y=g——,/~—"12f 4.1
A -2 (4.1)
while 8 and ¢ are unchanged although the black holes are rotating along the ¢ direction.
We will see that these coordinates are appropriate for obtaining the near-horizon geometry.
The near-horizon limit is defined as A — 0 in (4.1). In this limit, under the extremal

condition p = 0, the metric (3.2) turns to

g2 = 91— 1—jcosd Rdy p+q ]_COSH 2
pl+jcost 1—JC059 p+q1—]cose
2(p+ q) (pq)*/*

_ 2ptaq) 204
¢*p(1 — jcos ) +2(p+ )]Sm <Z5
, .
M(Cﬂﬂwusm 0d¢2>

2(p+4q)

r2
which we call near-horizon extremal rotating Kaluza-Klein black hole (NHERKK) geome-
try. This geometry is a so-called squashed AdSs x S? with Kaluza-Klein U(1) fibration on it.

(4.2)

We can also rewrite (4.2) by introducing

r R

- 3 = 4.

as

d P4/3Q2/3

2(1 — jcos®) ds 4+ P b+ j —cosf do 2
14 jcosf 1—jcosf 1—jcosf

. .9 2 . dp2 9 . 92 2
- 1 — 4.4
1—jcos9(pdt+]sm 6do)”+( +jcos€)<p2 +df* + sin” 0 do >], (4.4)

where

R
~ 27— 4.5
z~ 2z + TSP (4.5)

This metric is invariant under a transformation ¢ — Ct,p — p/C for an arbitrary con-
stant C.

Both of these coordinates here are of Poincaré-type, and they do not cover the whole
space in a single patch. Like the usual AdSs space, the whole NHERKK space is expected
to have two disconnected boundaries. The boundary which is found in our coordinates is r
(or p) — oo, which should be (a part of) one of the two. Therefore when we would like to
focus on one of the dual chiral C'F'T5’s, which lives on one of the two boundaries, we can
expect that our coordinates work well.



5 Boundary conditions and central charges

In order to calculate the entropy of the rotating KK black holes, we have to determine
the central charges of the Virasoro algebras which will act on the Hilbert spaces of the
boundary theories.

5.1 Boundary conditions and asymptotic symmetry groups

By following the work by Brown and Henneaux [16], the first step is to find some bound-
ary condition on the asymptotic variations of the metric and the ASG which preserves
this boundary condition nontrivially. In fact, for the NHERKK metric (4.2), we can see
that (at least) two different boundary conditions are allowed in order that some nontrivial

ASG’s exist.

5.1.1 Two boundary conditions for the metric

Let us suppose that the metric is perturbed as g,,, = g + hyu where gy, is (4.2) and hy,
is some deviation from it. One of the possible boundary conditions for A, is,

hit = O(r2) hiy = O(%) hg = O(2) hig = O() hy = O(1)
het = hiy  hypp = O(TLS) hyg = O(TLQ) h?"qb = O(%) hry = O(%)
hor =hig  hor =Py hog = O(3) hog = O(%) hgy = O(3) |, (5.1)
hot = htg  hor =heg  hep = hog hog = O(3) hgy = O(1)
hyt = hiy  hyr =hry  hyg =hey  hye = hgy hyy = o(1)

and a general diffeomorphism which preserves (5.1) is written as

(= [cl n o(%)}a =) + O], + O(%)%

+ [CQ + O(%)] Op + ['y(y) + O(r—zﬂ Oy, (5.2)

where C7, Cy are arbitrary constants and ~y(y) is an arbitrary function of y. From this, the

asymptotic symmetry group is generated by the diffeomorphisms of the form?®
¢ = 0y, (5.3)
Y =)0y — v ()0

Especially, (5.4) generates the conformal group of the Kaluza-Klein circle. To see that it
really obeys the Virasoro algebra, we expand 7(y) in modes and define ,, = —e~ ™. Then
we can see that (7, which are defined as

¢ = 0y — 0, (5.5)

which obey the Virasoro algebra under the Lie bracket as

[ GilLie = —i(m — 1)y (5.6)

®(5.2) also includes ¢' = 9, but it is excluded from the ASG by requiring a constraint which we will

explain in § 5.1.2,



We notice that the Virasoro generators are constructed from r and y. In other words, we
see that the generators of the Virasoro algebra act on only y-direction in the dual boundary
field theory. Thus it is very different from the usual holographic dual C'F'T; where the time
direction t play some role. It seems that we cannot describe dynamical processes by using
this Virasoro algebra, but at least to calculate the entropy, we can use the Virasoro algebra
on the y-direction.

The other allowed boundary condition is,

hit = O(r?) hyp = O(5) hig = O(3) hiy = O(1) hyy = O(r)
het = hir Dy = O(TL?:) hrg = O(r%) h?‘(b = O(%) hT’y = O(%)
hot = hig  her =hrg  hegg = O(3) hey = O(3) hey = O(}) | (5.7)
hot =Tug  hgr =hrg  hgo = hgy  heg = O(1) hgy = O(1)
hyt = hiy  hyr = ey hyo = hoy  hyp = hgy Ty = O(%)

and general diffeomorphism preserving (5.7) can be written as
1 , 1
(=|Ci+0O 3 O + [—re(¢) + O(1)]0, + O - 2
1 1

where C7, C3 are arbitrary constants and €(¢) is an arbitrary function of ¢. The ASG is
generated by

(¢ = ()9 — 1 (9)0r, (5.9)
¢V = 0. (5.10)

In exactly the similar manner as above, we define €, = —e~""® and
(0 = €,0p — 1€ 0y, (5.11)

which obey the Virasoro algebra
(s Coltie = —i(m = n)Cn - (5.12)

In this case the Virasoro generator is constructed from r and ¢.

Here we assume that these two boundary conditions correspond to two different real-
izations of these classical theories in a full quantum theory of gravity, like string theory. We
will see that these boundary conditions indeed lead to the correct black hole entropy. This
suggests that this very interesting phenomenon, i.e. two completely different microscopic
theories for one geometry, may be true.

Note that in each of these boundary conditions, the Virasoro symmetry comes from an
enhancement of one of the two U(1) symmetries of the geometry, with the other remaining
unenhanced. One may wonder whether both of the U(1) symmetries could be enhanced
at the same time with {¢}} and {Cff} living together in the ASG, leading to a dual CFT
with two Virasoro symmetries. For example, we can consider a more relaxed boundary

,10,



condition with hyy = O(r), hy = O(r), heg = O(1), hyy = O(1) and the other elements
same as (5.1) and (5.7). This boundary condition indeed admits both {¢¥} and {¢2}.
However in this case, the ASG includes a wider class of diffeomorphisms, some of which
are not commutative with ¢*. It means that we cannot fix the energy of the black hole,
therefore this boundary condition cannot be regarded as consistent.5

5.1.2 The energy constraint
Using (2.5), the asymptotic conserved charges corresponding to ¢?, (5.4) and (5.9) are
defined by
Q—l/k Q—l/k Q—l/k (5.13)
CT8RG Jon 7 Y T 81Gs Joy O T 81Gs Jay '

where G5 = 2mRGy is the 5D Newtonian constant and k¢ is defined by (2.6). Obvi-
ously (5.3) and (5.10) are the cases of ¢ = 1 in (5.9) and v = 1 in (5.4) respectively,
whose charges represent the variances of the angular momentum and the KK momentum.

Similarly to the case of the 4D Kerr black hole, the generator (! is also included in the
asymptotic symmetry algebra. Therefore we set Q)¢+ = 0 identically in order that the black

holes remain extremal.

5.2 Central charges

Next we have to determine the centrally extended expressions of the Virasoro algebras.
For the (r,y)-diffeomorphism (5.4), the second term on the right hand side of (2.7) is
calculated as

1 2 R?
—— | ke [Levg, g = —i Pm?®+ —m s : 5.14
From this, by defining the Virasoro operators Ly, of y-direction as
1 , R?
hli = Qe + @Q<P + 7) Om, 0 (5.15)
replacing {-, ‘}pirac — [, -] and substituting into (2.7), we finally have the Virasoro
algebra
2
(Ll L) = (m = m) Ll + s QP =) B, (5.16)
Therefore the central charge ¢V is
R QP? = 3NyN¢ (5.17)
G4hR o '

For the (r,¢)-diffeomorphism (5.9), we can calculate the central charge in a similar
manner. The second term on the right hand side of (2.7) is calculated as

1 - o
— = — —2 . 1
o [ Fe el = i (m® =2 (5.18)

SWe thank Andrew Strominger, for suggesting our mistakes at this point in the original version of this
paper.
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Then by defining LY, as

hLy, = Qo — % Om.0; (5.19)
we can see that the Virasoro algebra is
(LS, L8] = (m —n)LS, ., + J (m® = m)dmino- (5.20)
Therefore the central charge ¢? is
o=y 6N. (5.21)

h

Before closing this section, we note that the calculated central charges are integer
numbers. In particular for (r,y) case, it is written by Ny and Ng only. This suggests
that there is an underlying microscopic theory which is obtained from some weak coupling
theory on D-branes. Since the central charge is completely different from the one obtained
in [33, 34], it is highly interesting to investigate the corresponding D-brane system.

6 Temperatures

In the previous section, we derived the central charge of the Virasoro algebra for two cases.
Next we have to determine the “temperature” T' of the chiral C'FT following [26], since
entropy is microscopically calculated by the thermal representation of the Cardy formula

S = %CT. (6.1)

For this purpose, let us consider a free scalar field ¥ propagating on (3.2). It can be
expanded as

U= N e f 0 6), (6.2)

w,k,m,l

where w is the asymptotic energy of the scalar field, while k and m are Kaluza-Klein mo-
mentum in the y-direction and the quantum number corresponding to the angular velocity
respectively. We also notice that m, [ label the spherical harmonics. Using the coordinates
of the near-horizon geometry (4.1), we see that

PRI I it Y o)
e~ iwitikgHimé _ j—in'thinVy+in®e. (6.3)

1 /
nt:X<w_% ]%>, ny:k’ n¢:m, (6.4)

After tracing out the states inside the horizon, we find that the vacuum state is expected
to include a Boltzmann factor of the form

7h(w7kﬂy+mﬂ¢) t Y n¢
e Ty =e Tt TY T¢ (65)
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The temperatures 7%, T% and T¢ are calculated as

T, T, T,
Tt ZH oy H . T = 41 (6.6)

hA’ hQdy’
(k59 :

where we used (6.4). When u, A — 0 as /A — 0, we see that T — 0, while 7Y and T? are
v - Gt [PPQ7 \/ NENZ — N2 (6.7)
4npP2Q\ &3 WNON2 L '

PQQQ
771 / 27TN \/ NGNZ — N2. (6.8)

7 Microscopic entropy

Using (6.1), either from (5.17) and (6.7) or from (5.21) and (6.8), we finally obtain the
microscopic entropy as

7T2 2

Smicro = ECyTy = %C¢T¢

2r | P2QQ?
=g =N - N, (7.1)

which exactly agrees with each other and with the one derived macroscopically, (3.34).
Note that the Cardy formula will be valid for T" > 1, which is satisfied when NoNg > N
for T?. For other cases, like the Kerr/CFT correspondence [26], the Cardy formula is not

guaranteed to be applicable although we hope it is.

cLo

Usually the Cardy formula is written as S = 27,/ <g%. Therefore it is valuable to calcu-

late the corresponding level of the Virasoro Lg. For (5.17) and (6.7), this can be written as

v w_Qcy(Ty)Q _ R(P2Q? — G2.J?) _ NZNg — N? (7.2)
07 6 4G4hP2Q 2NN '
Similarly for (5.21) and (6.8), we obtain
2 22 2 72 2772 2
g = oo = B CaT_ NolNe — Ny (73)
07 6 2G%hJ 4Ny

8 Conclusion and discussion

In this paper, we calculated the entropy of the extremal rotating Kaluza-Klein black holes
microscopically by using Brown-Henneaux’s method. Following [26], we imposed appropri-
ate boundary conditions on the near horizon geometry of the black holes and then identified
the diffeomorphisms which preserve the boundary conditions with the generators of the Vi-
rasoro algebras. Then by calculating the Dirac brackets of the corresponding conserved
charges, we determined the Virasoro algebras with non-vanishing central charges. At the

,13,



same time, we relate the physical parameters of the black holes with the quantum numbers
on the near horizon geometry. Then we determined the temperatures of the dual chiral
CF1T5’s. From the central charges and the temperatures, by using the Cardy formula, we
calculated the entropy of the extremal rotating Kaluza-Klein black holes microscopically,
which agrees with the one obtained macroscopically.

The rotating Kaluza-Klein black holes are known to be related to spinning D0-D6
bound states and we can also calculate the entropy from the D-brane viewpoint. Therefore
we expect that we can obtain a deeper understanding of the chiral C' F'T3’s by considering
a relation between our calculation and that by using the D-brane configuration.

Note added. As this article was being completed, we received the preprint [50]. In that
paper, the Kerr/CFT correspondence is applied to the higher dimensional Myers-Perry
black holes and the Kerr-AdS black holes.
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